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Ultrasonic theories generally predict a scattering amplitude 
which relates a spherically spreading, far-field scattered wave to 
an incident plane wave. In ultrasonic immersion measurements, 
the frequency and angular dependences of the scattering amplitude 
are convolved with those of the transmitting and receiving trans-
ducers and the propagation through the liquid-solid and solid-
liquid interfaces. This paper presents a set of approximate correc-
tions for these effects for the cases of angle beam inspection 
through planar, spherically curved or cylindrically curved surfaces. 
The primary parameters in the correction are the function D, which 
corrects for the diffraction effects occurring during a transducer 
calibration experiment, and the function C, which describes the 
on-axis pressure variation of the beam. Values of C and Dare 
available in the literature for the case of a piston transducer 
radiating into an infinite fluid medium. The major portion of this 
paper is concerned with the extension of those results to the afore-
mentioned two media problems in which mode conversion, refraction, 
diffraction, and focussing all play interrelated roles. Results 
of preliminary experiments to test the corrections are also included. 
INTRODUCTION 
The interaction of ultrasound with flaws is usually treated 
theoretically in an idealized calculation in which a plane wave 
is assumed to illuminate the flaw. The scattered fields are rep-
resented as spherically spreading waves of the form 
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(1) 
where u is the displacement of the scattered wave, Uo is the dis-
placement amplitude of the illuminating wave, w is the angular fre-
quency, ks is the scattered wavevector w~ose direction is deter-
mined by the scattering angles a and S, r is distance from the flaw, 
and ep is a unit vector in the direction of wave polarization. 
The scattering amplitude, A is a function of the angles of illumina-
tion, the angles of scattering (a,S), the polarizations of the 
incident and scattered waves, and the size, shape, and material of 
the flaw. 
Although the assumptions of plane wave incidence and far field, 
spherically spreading scattered fields are useful in making the 
scattering calculation tractable, they do not coincide with the 
typical experimental measurement situation. In reality, the inci-
dent wave must be excited by a transducer of finite aperture, and 
the radiated beam often has passed through a liquid-solid inter-
face before reaching the flaw. The scattered fields are detected 
by reversing the steps through reciprocal processes. The purpose 
of this paper is to analyze typical experimental configurations 
and to develop a set of approximate corrections which can be used 
to relate observable experimental signals to the absolute scattering 
theory. Because of the length required for a complete presentation 
of the details of the derivation of these corrections, only a summary 
of the results will be presented. Full derivations will appear in 
subsequent publications. 
MEASUREMENT MODEL 
The measurement of the ultrasonic scattering from a flaw can 
be considered to consist of three events: the formation of the 
illuminating fields, the scattering process itself, and the detec-
tion of the scattered fields. As noted above, the scattering pro-
cess is usually treated under the assumptions of plane wave inci-
dence. Figure 1 illustrates this situation. However, in real 
measurement systems, the flaw is not illuminated by a plane wave, 
but rather by a complex field characteristic of the transducer and 
the media and interfaces through which the beam has passed. A 
rigorous solution of the corresponding scattering problem is, of 
course, possible in principle. However, its complexity may render 
it of less than desired utility and obscure some of the physically 
important aspects of the problem. Hence, approximate solutions are 
needed. 
In this work, emphasis is placed on small flaws, for example 
those whose size is on the order of a few ultrasonic wavelengths 
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Fig. 1. Geometry of theoretical scattering calculation. 
or less. For this case, although the ultrasonic beam profile may 
be quite complex, it will often be only slowly varying over the 
cross-section of the flaw. Hence, it is appropriate to treat the 
illuminating field as a "quasi-plane wave" in the vicinity of the 
flaw with an effective amplitude, U6 ff determined by the radiation 
pattern of the transducer for the measurement configuration under 
consideration. Here, attention is confined to the case in which 
the flaw is on the axis of the beam (the point which would gener-
ally produce the strongest illumination). Considering an immersion 
configuration in which the transducer radiates into a fluid and 
the beam then passes through a liquid-solid interface and propagates 
on to the flaw, a function C(zo,zl) is defined by 
T (8 ~)C( ) -j(kozo+klzl) ~ velocity on beam axis (2) 
01, zo,zl e velocity of piston source 
The TOl(8,~) is the transmission coefficient of the central ray of 
the beam (having an angle of incidence (8,~)) through the liquid-
solid interface, ko and kl are the wavevectors in the fluid and 
solid, respectively, and 20 and zl are the propagation distances 
along the central ray in the two media. If no interface exists, 
the factor TOI is dropped and zl=O. The results which follow should 
apply to L+L or L+T generation at the interface as long as the 
appropriate values for TOI are used. Monochromatic waves are assumed 
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throughout. As will be discussed subsequently, the definition in 
Eq. (2) allows losses due to impedance mismatches and those due to 
refraction, focussing, and diffraction to be treated independently 
by the factors TOl and C, respectively. 
The quasi-static illumination case corresponds to the approxi-
mation 
(3) 
where Vo is the velocity of the assumed piston source. 
For illustrative purposes, it is useful to note that, for a 
single fluid medium (i.e., scattering from a defect in the fluid so 
that no liquid-solid interface is encountered), C(z) is derived 
from the Rayleigh diffraction integral l to be 
C(z) If 
transducer 
face 
-jks 
e 
s 
2 d A (4) 
where A is the wavelength and s is the ?istance from a point on the 
transducer face to the observation point located at z on the axis. 
The geometry is shown in Fig. 2. Equation (4) is an exact expres-
sion for the ratio of on-axis pressure, p, to PovoVo' where Po 
and Vo are the density and ultrasonic velocity in the fluid. If 
one approximates the relationship between local velocity and pres-
sure by the expression u = (Povo)-lp, then Eq. (4) follows. For 
plane waves this is exact. For the "quasi-plane waves" of interest 
here, it is a first approximation. 
Once the flaw has been illuminated by this "quasi-plane wave", 
it will reradiate spherically spreading waves which will pass 
through the medium and be detected by the same, or a second trans-
ducer. Here, a simple model for this detection process will be 
adopted, namely that the transducer voltage F is proportional to 
the average, over its face, of the pressure that would have existed 
over this area had the transducer not been present. This model, 
though not exact, has been used with excellent success in correct-
ing ultrasonic velocity and attenuation measurements for diffrac-
tion effects. 2 The received voltage is then 
F y If 
transducer 
face 
A(a,S) e- jks d2A 
s 
(5) 
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Fig. 2. Geometry for calculation of radiation response of circular 
transducer. 
where y is a proportionality factor relating the received voltage 
to the above cited pressure average. Recall from Eq. (1) that 
a and 8 are the angles of scattering that will vary during the inte-
gration. The derivation of Eq. (5) also includes the approximation 
that the pressure associated with the scattered wave is 
p ~ (povojwAUoe-jkr)/r. This is a good approximation for measure-
ment distances greater than several wavelengths from the flaw. 
If the scattering amplitude, A, is slowly varying over the 
transducer face, it may be approximated by a constant. In this 
case, the integral in Eq. (5) becomes identical to that in Eq. (4). 
Combination of Eqs. (3)-(5) (with TOl=l) then yields the result 
F (6) 
The first expression in brackets contains a set of constants which 
can be determined by a calibration experiment. This is followed 
by the propagation phase shift, the square of the diffraction related 
parameter, C, and a dimensionless set of factors proportional to 
the scattering amplitude. 
Consider next the two medium case. Equation (4) now becomes 
more complex since reflections occur at the liquid-solid-interface, 
the waves travel at different speeds in the liquid and the solid, 
and two different wave types can exist in the solid. A detailed 
treatment of such cases will be presented in the next section. 
Here, it is asserted on intuitive grounds that the generalization 
of Eq. (4) must contain the same integral that appears in the 
generalization Eq. (5) (assuming again A(e,6) slowly varying). This 
represents the sums of the complex amplitudes associated with all 
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rays which can propagate between points on the transducer face and 
the flaw. A more formal proof, based on reciprocity relations, is in 
preparation. With this assumption, along with the inclusion of a term 
to account for attenuation, the generalization of Eq. (6) becomes 
Here subscripts "0" and "1" refer to parameters in the fluid and 
solid media, respectively, as defined in Fig. 3a. The second sub-
script "F" will differentiate flaw distances from reference reflec-
tor distances, subscript "R",as discussed below. 
Equations for the factors TOI and TlO can be found in a variety 
of textbooks. 3 The scattering amplitude, A, must be obtained from 
a scattering theory appropriate to the flaw under consideration. 
k, z, n, and a are measurable by standard techniques. However, the 
determination of [yVoPovo] and C(zo,zl) requires further discussion. 
The former is best determined experimentally in a reference experi-
ment as discussed below. Approximate formulae for the latter 
follow in the next section. 
The reference experiment geometry is shown in Fig. 3b. Follow-
ing a line of reasoning parallel to that presented above, the voltage 
received in the reference experiment is given by 
(8) 
Two new factors enter this.expression. Rll(OO) is the reflection 
coefficient at the solid-liquid interface from which the beam re-
flects. D is the familiar 2 diffraction correction for ultrasonic 
velocity and attenuation measurements. Use of this in the reflec-
tion geometry neglects the, usually minor, distortion of the beam 
which occurs due to the angular dependence of the reflection 
coefficient for the range of angles contained in the beam. The 
form of D will also be discussed in greater detail in a following 
section. 
The reflection from the liquid-solid interface can also be 
used as a reference. For this case, one sets zlR=O, TOl=TlO=l 
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Fig. 3. Experimental geometries 
a) scattering from flaw 
b) reference experiment to calibrate transducer 
and replaces Rll by Roo, the liquid-solid reflection coefficient. 
Cautions regarding this case are discussed in reference 4. 
Combination of Eqs . (7) and (8) yields the complete measure-
ment model 
C2 (ZOF,ZlF) 
D(zoR,zlR) 
(9) 
This allows an absolute experimental voltage, F, to be related 
to a reference voltage, R, and the scattering amplitude A. Ana-
lytical expressions for computing C and D are presented in the 
next two sections. 
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ANALYTICAL HODELS FOR C(zo' zl) 
In order to obtain C(zo,zl) it is necessary to solve the 
problem of radiation from a piston source into a fluid. For a 
circular piston, the solution is well known. Here, this solution 
is generalized to an elliptical piston, for reasons that will sub-
sequently become evident. The case of passage of a circular beam 
through a planar liquid-solid interface, spherical focussing in a 
fluid, cylindrical focussing in a fluid, and passage of a circular 
beam through a cylindrical liquid solid interface will then be 
treated in sequence. 
A. Radiation of an Elliptical Piston Into a Fluid 
Consider the planar, elliptical piston shown in Fig. 4. If 
this moves with a sinusoidal velocity Vn (the time dependence 
ejwt is assumed throughout this paper), the radiated sound field is 
defined by the velocity potential 
If e-jks (0) 
transducer s 
face 
where 
s (ll ) 
is the distance from the point (xa'Ya'o) on the transducer face to 
the observation point (x,y,z). In the Fresnel approximation, one 
considers z much greater than the transverse dimensions and thus 
approximates in the exponential by 
(2) 
In the denominator, s~z is used. Substituting these relationships 
into (10) and using integral identities allows one to obtain the 
equivalent expressionS 
00 00 
6 = e- jkz J du J dv A(u,v)dnzA(u2+v2)e-j2n(ux+vy) (3) 
-00 -00 
where 
If (4) 
transducer 
face 
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Fig. 4. Geometry of elliptical piston source. 
In this form, 6 is representedAas an angular spectrum of plane waves, 
each having complex amplitude A and propagating with direction 
cosines [\u,\v,1-(u2+v2)\2/2]. The arguments u and v are spatial 
frequencies in the plane transverse to the propagation direction. 
For the elliptical piston shown in Fig. 4, evaluation of Eq. 
(4) yields 
A(u,v) 05 ) 
where Jl is the ordinary Bessel function of the first kind, order 1. 
Substitution of Eq. (15) into Eq. (13), transforming to polar co-
ordinates, and integrating over the radial coordinate using exact 
integral relationships yields the on-axis pressure, p = -Po~' 
(6) 
where 
271 de J -{l-cos[ 71 ]+jsin[ 71 ]} 
o 271 s+~scos2e s+~scos2e on 
s ~ (~+~) 08a) 2 2· 
a b 
and 
~s ~ (~ ~) (18b) 2 2 . 
a b 
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In general, Co(s,~s) must be evaluated by numerical integration. 
However, when ~s/s«l, the argument of the trigonometric functions 
can be expanded as a Taylor series in ~s/s, and the first two terms 
of the resulting expression can be integrated exactly. The result 
is 
( ) 1 -j(TI/s) J (TI~s) Co s, ~s '" - e 0 2 (19) 
s 
which has the magnitude 
(20) 
where J o is the zeroth order Bessel function of the first kind. 
Note that, when ~s=O, this reduces to the familiar expression for 
circular piston source radiation on-axis. l This axial pattern is 
illustrated in Fig. 5, along with corresponding experimental data 
obtained from an 0.5 inch diameter,S MHz transducer. If the 
piston is not circular, ~s~O. In this case, Jo~l and the nulls in 
Fig. 5 become minima at a shifted position. Figure 6 illustrates 
these changes by plotting Co(s,~s) for various ratios of ~s/s. In-
cluded are both the approximate predictions of Eq. (19) and the 
results of a numerical \ntegration of Eq. (17). The more serious 
breakdown of Eq. (19) when ~s/s=0.5 is evident. 
B. Propagation of A Circular Beam Through a Liquid-Solid Interface 
Consider next the radiation of the beam of a circular trans-
ducer through a liquid-solid interface. The geometry is shown in 
Fig. 7a. Here only the method of approach is described. Equa-
tions (13) and (15) with a=b are first used to define the fields 
-*-
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Fig. 5. Comparison of theoretically predicted [Eq. (19) with 
~s=O,----l and experimentally measured,', axial variation 
of pressure for a planar, circular piston. 
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Fig. 6. Comparison of exact [Eq. (17),----J and approximate [Eq. 
(19),---J forms of Co(s,~s). Also shown for reference 
is Co (s , 0), [ ... J • 
in the fluid in a coordinate system aligned with the beam axis. 
The coordinates are then rotated to a system with axes parallel 
and perpendicular to the interface. Interpreting the integral 
as plane waves, the corresponding complex plane wave amplitudes 
transmitted into the solid are determined by multiplying by the 
appropriate interface transmission coefficient Tal. These have the 
same spatial frequencies as the incident waves parallel to the inter-
face, and a new component perpendicular to the interface as required 
to satisfy the wave equation. Writing the variation of the solution 
perpendicular to the interface as e-jklLz', it is found that klL 
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Fig. 7. 
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is given by the square root of a polynomial of fourth order in 
Uo and vo ' the transverse spatial frequencies of the incident beam 
plane wave components. Assuming these to be small with respect to 
the inverse wavelength, an expansion including quadratic terms in 
Uo and Vo is made. When evaluated on the central ray beam aAis 
using appropriate integral identities, the stress is given by 
(21) 
where s AOZO + Alzl (1 + -=-os 290 ) (22a) 
2 2} cos291 a 
t,s Alzl· cos 290 1 1 
-2- [ 2 -
2a cos 91 
(22b) 
Note that this solution has the same form as that of the ellip-
tical piston. This is physically reasonable, since the first order 
effect of the interface is to cause the beam to change from a cir-
cular to an elliptical cross-section after refraction at the inter-
face. It will be noted that the arguments sand t,s are both propor-
tional to f- l , and their ratio, t,s/s is independent of frequency 
but varies with 90 and 91 = sirf~(Vl/vo)sin90l. Hence, for a 
small angle of incidence, the cross-section is nearly circular, 
with the ellipticity increasing with angle. 
Figure 8 illustrates the predictions of Eqs. (21) and (22) 
and a comparison to experiment. Part a) shows the experimental 
configuration. A flaw inside a titanium sample is illuminated for 
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Fig. 8. Variation of axial stress for transmission of a circular 
beam through a liquid-solid interface 
a) configuration 
b) theoretical plot of stress versus frequency, at a fixed 
point in the solid, for various angles of incidence. 
c) comparison of theory and measurement for frequency of 
first null for two different transducers. 
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a variety of incident angles. As 90 shifts, so do 91' Zo and zl 
in Eq. (21), and the frequency dependence of the axial stress, at 
the position of the flaw, changes as shown in part b), in which 
Co was calculated by numerical integration of Eq. (17) using the 
material properties of the titanium alloy, Ti-6A14V. The frequency 
of the first minima has been determined experimentally by observing 
the frequency at which the longitudinal wave reflection from a 
400 ~m x 800 ~m (major-axes) oblate spheroidal cavity in the dif-
fusion bonded, Ti-6A14V sample is a minimum. This is compared to 
theory in part c. In the calculation, the diameter of the trans-
ducer was adjusted to give agreement at normal incidence. The 
agreement is quite good, particularly for one of the transducers. 
C. Focussing of a Spherical Beam in a Fluid 
The problem of focussing is treated in a fashion similar to 
that employed in Fourier optics. 6 Consider first the geometry, 
shown in Fig. 9a, of two parallel planes, at positions Zo and zl 
perpendicular to the z-axis. The Fresnel approximation is used 
again to develop a transformation relating the pressures on these 
planes, with the result 
e 
00 00 
f dxo f dyop(xo'yo'zo) 
-00 -00 
-jn[(x-xo )2 + (Y_Yo)2] 
A(zrzo) 
(23) 
Consider next a thin lens. This is assumed to produce a phase shift 
of the form 
x 2 v 2 jn(- + --"'-) 
e AFI AF2 (24) 
where Fl and F2 are two, not necessarily equal, focal lengths, to 
is a constant transmission factor, and z- and z+ are the coordinates 
just to the left and to the right of the lens as shown in Fig. 9b. 
Consider finally the geometry shown in Fig. 9c. When one uses 
Eq. (23) to transform the fields from Zo to z-, Eq. (24) to trans-
form from z- to z+, and Eq. (23) again to transform from z+ to zl, 
the result is 
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-jk(ZI-zo)to 
p(x,y,zl) = -:2(D-Zo)(ZI-D) 
00 00 
f dxo f dyo{Po(xo'yo'zo) 
-00 -00 
00 00 
-j1T(xc 2+Yc 2) 
e \(D-z o ) 
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Fig. 9. Geometries relevant to focussing calculations. 
(a) transformations relating pressures on two parallel 
planes. 
(b) transformations describing effects of lens on pressure. 
(c) transformation relating focussed pressures on two 
paralle I planes. 
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1. Spherical Focussing. For a spherical lens, Fl=F2' For a 
specified zl and F, choice of Zo according to the thin lens law 
III 
-=-- + F D-zo zl-D 
(26) 
causes the two terms in brackets in Eq. (25) to vanish, thereby 
eliminating the exponentials quadratic in xL2 and YL 2• Use of the 
solution for a piston source radiating into a fluid, Eq. (13) and 
(15), and integration leads to the final conclusion for the case 
D=O (lens directly on transducer), 
p(z) (27) 
C ~ j'rr(z-F)a2 Inspection of Eq. (19) shows that, as z+F, o~- AzF Hence, 
the singularity in [F/(z-F)] in Eq. (27) is cancelled by the vanish-
ing Co so that p remains finite at the focal plane, with a value 
p(F) (28) 
Figure 10 compares the predictions of Eq. (27) to experiment 
for parameters provided by the manufacturer of a commercial trans-
ducer. There is a slight systematic error, but choice of a focal 
length slightly greater than that claimed by the manufacturer would 
place theory and experiment in excellent agreement. Note that the 
peak pressure does not occur at the focal length. This differs 
from the result usually derived for optical lenses, for which the 
axial intensity distribution is essentially symmetric in the near 
vicinity of the focal point. 7 The difference arises because of the 
much smaller ratio of wavelength to aperture dimension in the ultra-
sonic case, and hence the greater relative importance of diffraction. 
This result has been previously discussed by Wustenberg8• 
2. Cylindrical Focussing. For this case, only one focal 
length, say Fl' is finite, while F2 is infinite. Proceeding with 
the same philosophy as before, one finds 
_ . -jkz Fl 1 
p(z) -- JPcrvoVotoe ( __ )"2 Co(s,t.s) (29) 
z-F 1 
',V'here ZA 
Fl -z/2 (JOa) s 2 F -z 
a 1 
t.s ZA ~ ) (JOb) 2 F -z 
a 1 
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Fig. 10. Comparison of theoretically predicted [Eq. (27),---] and 
experimentally measured,', axial variation of pressure 
for spherically focussed transducer. 
The same general comments as before apply, although the order of 
1 
the singularity [Fl(z-Fl)]~ and of the compensating zero of Co are 
different. 9 
It should be noted from Eqs. (30) and (17) that, when z~Fl+' 
the arguments of the trigonometric function in the definition of Co 
become unbounded when the variable of integration equals 0 . 5cos- l 
[(z-2Fl)/z]. Care must then be taken when numerically evaluating 
the integral in this case. 
D. Propagation of a Circular Beam Through a Cylindrical Liquid-Solid 
Interface 
Figure 7b presents the geometry used in the calculation of 
beam transmission through a cylindrical interface. It is assumed 
that the effects of this interface can be modeled in a two step 
sequence. First, the refraction is modeled by assuming the inter-
face to be planar, with a normal identical to that of the cylindrical 
surface at the point of tangency of the central ray of the incident 
beam. Propagation through this interface follows the results in 
Section B. Second, the effects of the surface curvature are intro-
duced by adding phase shifts which are parabolic in the transverse 
coordinate as in Section C. Combination of these results, and 
evaluation of the associated integrals, leads to the final result: 
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ZOAO zlAl [1 + (~) cos 2eo s --+--
2 2 2 2 a a F-zl cos el 
(3la) where 
and 
ZlAl 
A 
cos 2eo /:'s 
2a2 
[(~) ( 2 - 1)]. 
F-Zl cos el 
(3lb) 
where F is the focal length along the central ray of the beam. 
E. Summary of C(z~~ 
For the two cases of the above calculations which correspond to 
immersion configurations, i.e. propagation through a planar or 
cylindrical interface, combination of the results of Sections B 
and D with the definition in Eq. (2) yields the results presented 
below. 
1. Planar interface 
(32) 
where sand /:'s are given by Eq. (22). 
2. Cylindrical interface 
(33) 
where sand /:'s are given by Eq. (31). 
The factor D(zo,zl) in Eq. (8) takes into account the effects 
of diffraction on the reference experiment which is used to decon-
volve the frequency dependence of the transducer efficiency from 
the measurement. In the single fluid medium case, the calibra-
tion is experimentally accomplished by reflecting the beam from a 
planar reference reflector, a distance Zo away. It is assumed that 
the response of this experiment is equivalent to the radiation be-
tween two identical transducers, with coincident axes, placed a 
distance 2zo apart. The solutions for this latter case are well 
known2 and have been tabulatedlO . An alternate integral form has 
been derived by Kinoll. 
In this work, a third, somewhat simpler, form for the correc-
tions has been derived. This is based on the work of Rhyne12 , who 
develops an analytical expression for the impulse response of the 
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two transducer system. Calculation of the Fourier transform of the 
leading terms, and generalization to the two medium case by the 
substitutionS zo~o+(Vl)Zl' leads to the final result 
Vo 
where 
- j21T 2 2 
l-e s [Jo (2)+jJl(2)]. s s 
This result has been found to be numerically equivalent to the 
tabulation in Ref. 10 to six significant figures for all cases 
calculated. 
CONCLUSIONS 
(34) 
(3S) 
An approximate measurement model has been developed which re-
lates the pulse-echo (or pitch-catch) signal measured by a circular 
transducer (or transducer pair) in an immersion configuration to 
the scattering amplitude which would characterize the same flaw 
in an unbounded elastic medium. An essential feature of the model 
is a diffraction correction factor which describes the effects of 
diffraction, refraction, and focussing as the wave passes through 
the interface. Analytic expressions for the correction are pre-
sented for the cases of planar and cylindrical liquid-solid inter-
faces. Both normal and oblique incidence, with either longitudinal 
or transverse wave generation at the interface, are considered. 
An interesting aspect of the results is that the same function 
Co(s,6s), appears in each of the cases, with arguments defined in 
terms of the parameters of the particular configuration under in-
vestigation. Comparison to the solution for an elliptical piston 
suggests that the first argument describes the degree to which the 
beam has moved into the far field, whereas the second argument is 
related to the ellipticity of the beam cross-section. The predic-
tions are in reasonable agreement with preliminary experiments. 
A full determination of the accuracy and limits of these approxima-
tions has not been completed and will be reported in a subsequent 
publication. 
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